Recent work on random circuit dynamics has shown that fractons in one-or two-dimensional systems can exhibit perfect localization, failing to reach thermal equilibrium. We study a onedimensional translation-invariant Floquet quantum circuit model featuring conservation of a U (1) charge and its dipole moment. We show that fracton localization manifests in the Floquet spectrum as quantum many-body scars, a small set of localized states in an otherwise thermalizing spectrum. Despite their small number, the scars are directly experimentally relevant due to their high overlap with easily-prepared product states. There is precisely one scar state per charge and dipole moment sector, corresponding to the steady-state configurations of fracton localization, featuring agglomerated fracton peaks. The details of these scars are insensitive to the precise form of the Floquet operator, which is made out of random unitary matrices. We explain how these scar states arise directly from fracton conservation laws, tracing the origin to a newly discovered mechanism for localization, thereby providing a conceptual understanding of how scars can arise in systems with constrained quantum dynamics.
I. INTRODUCTION
Quantum many-body systems can host a variety of unusual properties in their ground state, such as fractionalized quasiparticles and protected degeneracies. In contrast, highly-excited states were long thought to be relatively boring, on the grounds that they should behave like thermal states, as dictated by the Eigenstate Thermalization Hypothesis (ETH) [1] [2] [3] . In recent years, however, new types of quantum many-body systems have been studied which violate the ETH. The most common example is many-body localization (MBL) [4] [5] [6] , typically driven by the effects of disorder, in which essentially all eigenstates are nonthermal, characterized by an extensive number of emergent local integrals of motion.
Recently, a new type of non-ergodic behavior has been observed in the form of quantum many-body scars [7] [8] [9] [10] . In contrast to the fully localized spectrum of an MBL system, scars correspond to a small number of localized states in an otherwise thermalizing spectrum. While scars constitute a vanishing fraction of the spectrum in the thermodynamic limit, they are of direct experimental relevance, since they often have high overlap with product states, easily prepared via quantum quenches. Indeed, scar states have been proposed as a potential explanation for the long-time oscillations observed in Rydberg atom chains 7 , possibly arising as a consequence of a mapping onto an emergent gauge theory 11 . Theoretically, the scar phenomenon was first encountered in studies on the spectrum of the AKLT model 12 . It has also been shown how such nonergodic states may be introduced by hand into the many-body spectrum of certain Hamiltonians [13] [14] [15] . However, the known models realizing scars all rely on the specific form of the Hamiltonian, often featuring a projective structure, and the origin of nonthermal behavior is not intuitively clear. In order to build a more systematic understanding of the scar phenomenon, it is desirable to identify localization mechanisms which can give rise to scars on general grounds, independent of microscopic details.
In this paper, we demonstrate how scars can arise in a many-body spectrum as a consequence of a new mechanism for localization encountered in the context of fracton physics. A fracton 16 is an emergent quasiparticle found in various condensed matter contexts, such as spin liquids [17] [18] [19] [20] [21] [22] and crystalline defects [23] [24] [25] [26] [27] , featuring an unusual set of mobility restrictions arising from higher moment charge conservation laws 28, 29 . For example, in the simplest systems, fractons obey conservation of both charge and dipole moment, which indicates that a fracton can only move at the expense of creating additional dipoles. This constraint serves as an obstacle to thermalization, since a fracton cannot easily move around the system and forget its initial position.
In three spatial dimensions, it has been shown that a system of fractons will eventually thermalize, but the approach to equilibrium occurs logarithmically slowly, in a manifestation of glassy dynamics 17, 30, 31 . In lowdimensional systems, the effect of fracton mobility constraints is more dramatic. Recent work by the present authors investigated the motion of fractons under random unitary circuit dynamics 32 , a completely unstructured form of time evolution often used in the study of entanglement dynamics [33] [34] [35] [36] . This investigation found that a fracton in one or two dimensions can forever remain localized at its initial position, failing to reach thermal equilibrium. Unlike conventional localization, however, where each particle is independently localized, a collection of multiple fractons will agglomerate and form a single localized peak at their center of mass. This behavior can be interpreted in terms of the gravitational attraction between fractons, driven by exchange of dipoles 37 . Notably, only states featuring nonzero fracton charge can remain localized, while states with only dipoles quickly reach thermal equilibrium.
It is natural to expect that this localization observed in the context of random unitary circuits should also have some manifestation in the spectrum of HamiltoarXiv:1903.06173v2 [cond-mat.stat-mech] 30 Mar 2019 nian and Floquet systems, which feature the extra constraints of conservation of energy and quasienergy, respectively. However, since fracton states can be localized while dipole states all thermalize, it is clear that the spectrum will not have the form of a conventional many-body localized system, in which essentially all states are localized. Instead, the existence of a special set of nonthermal states has much more in common with the framework of many-body scars. To consider the connection between fractons and scars in detail, we consider a onedimensional Floquet system with the mobility restrictions of fractons, implemented via quantum circuits. In addition to imposing the charge and dipole conservation characteristic of fracton systems, we further restrict our circuit to be translation-invariant, to rule out the possibility of conventional disorder-driven localization, but otherwise allow the unitary gates to be chosen randomly.
We examine the spectrum of eigenstates of the Floquet time evolution operator, finding a small number of localized states with anomalously low entanglement scattered throughout a mostly thermal spectrum, in a manifestation of the scar phenomenon. The number of scar states grows as a cubic function of system size, L 3 , while the number of thermalizing states grows exponentially, 3 L . While the scar states represent a vanishing fraction of the spectrum in the thermodynamic limit, they are experimentally relevant due to their high overlap with easily prepared product states, as we will discuss. For every sector of a particular charge and dipole moment, there is precisely one scar state, corresponding to the steady-state configuration of random circuit dynamics, in which all fractons have agglomerated to a single peak at their center of mass. Importantly, the presence of these scar states is independent of the details of the Floquet evolution operator, which can be chosen randomly. We therefore conclude that scar states in fracton systems arise through the same localization mechanism as in random circuit dynamics, based on the properties of lowdimensional random walks, which follows directly from the conservation of charge and dipole moment 32 . This opens the possibility that other types of scar states may occur as a consequence of some similarly simple physical principle, without depending on microscopic details.
II. FRACTONIC FLOQUET QUANTUM CIRCUIT MODEL
We work with a one-dimensional chain of L sites, with a single spin-1 degree of freedom on each site, and periodic boundary conditions. We time-evolve with a random quantum circuit of local unitary gates, which are constrained to locally conserve the total z component of the spins (which serves as a conserved U (1) charge), and also the total dipole moment of this effective charge (evaluated with respect to an arbitrary origin, and conserved mod L due to periodic boundary conditions). Instead of a completely random unitary circuit, as in Ref.
32, we now impose the condition of a discrete timetranslation symmetry. Using a stroboscopically repeating circuit allows us to study eigenstates and eigenvalues, i.e. we have more tools as compared to the timeevolution of a single state under a simple random circuit. We consider a translation-invariant Floquet random circuit (see Figure 1 ) to exclude the possibility of localization for conventional reasons.
The time-evolution is governed by the circuit shown in Figure 1 : it consists of staggered layers of three-site unitary gates. The time evolution unitary is given by U (t) = t t =1 U (t , t − 1), where
where U A , U B and U C are chosen at random for a given realization, but remain fixed throughout the run corresponding to that realization. As in Ref. 32 , it will often be useful to describe a state by expanding its density matrix in terms of generalized Pauli strings, as described below. To this end, we choose our onsite basis to be the 9 generalized Pauli matrices 0,1,.., 8 i with the following normalization: Tr
We use these matrices to form a basis of 9 L generalized Pauli strings
III. SCAR STATES IN THE EIGENSPECTRUM
In this Section, we investigate the properties of the eigenstates of our Floquet random circuit model in de- and P total of the three qudits it acts upon. The block diagonal Haar-random unitary with its nontrivial blocks is also shown. We consider a circuit with time period 3. All gates of a particular color are chosen to be identical (to ensure translation-invariance). 
tail.
A. Right-weight profile and eigenvalue spectrum
We follow Refs. 34, 35, 38, and 39, and define the "right-weight" ρ R (i, t) as the total weight of a density matrix ρ(t) on basis strings that end at site i, meaning that they act as the identity on all sites to the right of site i, but act as combinations of the identity and nonidentity operators upto i. This gives ρ R (i, t) = strings S with rightmost non-identity at site i
where a S (t), the coefficient for basis string S is given by a S (t) = Tr[S † ρ(t)]/3 L . As in Ref. 35 , there is a conservation law on ρ R (i, t), i.e. i ρ R (i, t) = 1. This gives ρ R (i, t) the interpretation of an emergent local conserved density.
We look at the right-weights of the density matrices constructed out of the eigenstates of the Floquet operator, i.e. the density matrix ρ n corresponding to eigenstate |ψ n is given by ρ n = |ψ n ψ n |. We find that a majority of the eigenstates appear thermal; however, we find a small number of special eigenstates that violate the ETH: they show peaks 32 in their right-weight profiles (see Figure 2a) . We also note that there is a right-weight peak corresponding to every site of the spin-1 chain.
Furthermore, in Figure 2b , we plot the eigenstate bipartite entanglement entropy (by partitioning the chain into two approximately equal halves) as a function of charge (S z eigenvalue) sector, and find that the majority of states have high (near maximal, in fact) entanglement entropy, consistent with the behavior of a thermalizing state. The entanglement entropy is highest near Q = 0, where the number of total states is largest. In contrast, a small set of eigenstates exhibit lower entanglement (though still large compared with a pure product state). These special eigenstates, which violate the ETH and have low entanglement entropy, are superpositions of states within a (Q, P mod L) sector having the same quasienergy eigenvalue. We note that these are the anomalous states that show peaks in their right-weight and S z profiles. Importantly, note that there are no low-entanglement states in the Q = 0 sector, where all states look thermal. The special states are the manybody scar 7 states. The number of these scar eigenstates scales algebraically with the system size L, while the total number of eigenstates scales exponentially (∼ 3 L ). We find that the scar states are scattered fairly evenly throughout the quasienergy spectrum. Remarkably, the scar states have high overlap with the steady state limit (under random circuit evolution) of the minimal product operator 40 in the corresponding charge and dipole sector (see Section III C), which are the kind of states that are relevant to experiments.
We also extract the information contained in the quasienergy eigenvalue spectrum by applying ideas from random matrix theory, which, in addition to ETH, also provides a way to understand thermalization. In particular, we apply diagnostics from random matrix theory to the level statistics 41 of the quasienergy spectrum. Instead of computing the level statistics for the entire spectrum (which has many degeneracies even within a particular symmetry sector owing to periodic boundary conditions), we look at eigenstates with a particular value of dipole moment. This is helpful in getting rid of degeneracies in the thermal states that arise due to translation. As demonstrated in Figure 3a , we find that while the thermal spectrum resolved according to dipole is governed by the Wigner-Dyson distribution, the set of eigenvalues corresponding to the scar states in that dipole sector follows the Poisson distribution. Of course, this is natural to expect, given that the scar eigenvalues are scattered through the spectrum.
B. Entanglement spectrum
Another important question within a localized phase is the level statistics of the entanglement spectrum 42 , i.e. of the entanglement HamiltonianH ent defined by ρ = e −Hent , where ρ is the reduced density matrix for part of the system. We explore the entanglement spectrum by physically bipartitioning our system into a "left" and "right" half, constructing the reduced density matrix from an eigenstate of the Floquet operator for the left half, and then obtaining the spectrum of its entanglement Hamiltonian. In Figure 3b , we plot the level spacings of the entanglement spectrum for both a typical scar eigenstate and a typical extended eigenstate. For the thermal eigenstate, the level spacings of the entanglement spectrum follow random matrix theory as expected, whereas the entanglement spectrum of the scar states follows the semi-Poisson distribution, just like in many-body localized systems 43 . The entanglement spectrum level statistics provide strong evidence that the Hilbert space of this system has certain special regions that fail to thermalize.
We now come to a key difference between the analysis we carry out in this paper (Floquet random circuit) and our previous investigation of a fractonic random circuit in Ref. 32 : with the random circuit we were considering a very special class of initial conditions which were S z mixed product states (since these are natural initial conditions for experimental work), whereas in examining the Floquet operator, we are looking at what happens in the entire Hilbert space. As our analysis suggests, several regions of the Hilbert space cannot flow to the "localized steady state" charge distribution we found starting from mixed product states in Ref. 32 . The Floquet random circuit model provides us with additional tools in the form of eigenstates, and using these, we appear to find that outside of these special regions of Hilbert space, the quantum dynamics is ergodic. We elaborate on this important distinction in Section III C.
C. Scar regions of Hilbert space
Importantly, the existence of scar states in the quasienergy spectrum is independent of the microscopic details (particular choice of gates and gate size -see Figure 4c) of the Floquet evolution operator, which is chosen randomly. In the random circuit model 32 , we started with the mixed product state corresponding to a particular charge and dipole sector, and observed that its steady state limit contains a fracton peak in its S z profile. Since disorder is not necessary for this new mechanism of localization, this holds true even for the translationinvariant Floquet random circuit 44 . This being a steady state, has to be an eigenstate of the Floquet operator. The late-time S z profiles of such mixed product state configurations under Floquet evolution have the same peaked structure that was obtained in Ref. 32 . But the scar states also have a similar localized S z profile, and have high overlap with minimal product operators (see Figures 4a and 4b) in the corresponding sector. Note that these product states are actually mixed states, with nontrivial entanglement, as discussed further in Ref. 32 . The overlap can then be calculated as T r[ρ min |ψ scar ψ scar |]. Therefore, we identify scar states with the steady states observed in Ref. 32 , and conclude that scarring here originates from the random walk lo- calization mechanism identified therein. The steady state charge distributions arising from the quantum dynamics in Ref. 32 (which is unitary and reversible) should correspond to the maximal entropy charge configuration within the set of states sampled by the dynamics. When we have localization, however, the set of states sampled by the dynamics may not be the full Hilbert space. The fracton peak steady state that we get is the maximal entropy charge configuration within the set of states that is actually sampled by the dynamics. The mixed product state initial conditions considered in Ref. 32 lie in a special region of Hilbert space such that, of the states sampled by quantum dynamics, the maximal entropy charge distribution resembles that of the "minimal" S z product operator in that charge and dipole moment sector. While charge distributions that look like this may be maximal entropy within this special region of Hilbert space, they are still only an infinitesimal part of the whole Hilbert space. So it must follow that there are other states (pure or mixed) that do not flow to the fractonic peak steady state.
Our present investigation thus suggests that (1) quantum dynamics with fractonic constraints is ergodic almost everywhere in Hilbert space 45 , but with some scar sectors (subregions of Hilbert space that display localization), (2) we can understand the ergodicity breaking in these scar regions in terms of return properties of random walks and coupled hydrodynamics, as in Ref. 32 , and (3) the scar states in the Hilbert space have high overlap with the steady state limit of the mixed product state initial conditions considered in Ref. 32 , which are also the types of initial states of experimental relevance.
D. Enumerating the scar states
The nature of the special scar eigenstates of the Floquet operator becomes clear when we analyze their overlap with the minimal product operators as in Figure 4b . This reveals that these states are distinguished by their atypically high overlaps with the minimal product operators in the corresponding sector. Given that their overlaps with minimal product operators is extremely high, i.e. ∼ O(1), the overlap with any other product operators in the sector is negligible. There is precisely one minimal product operator per sector (Q, P ) (see Figure  2c) . Therefore, in order to determine the number of scar states in the spectrum and its scaling with system size, we only need to count the distinct number of minimal product operators.
We first determine the number of distinct minimal product operators with a given charge Q. For a system of size L, given a value of charge Q, the value of the dipole moment can go from Q(Q − 1)/2 to QL − Q(Q + 1)/2. This gives QL − Q 2 + 1 distinct sectors per charge Q. For numerical work (see Figure 5a) , Q corresponds to the eigenvalue of S total z . Note that this formula is not operative for the Q = 0 sector, when there is no localization 32 : in the Q = 0 sector we expect no scar states. This formula agrees well with what we observe: see Figure 5a . Now we determine the number of scar states N total scar (L) in the entire spectrum for a system of size L, and test our analytic prediction against numerics. To do this, we simply have to evaluate the following sum:
This sum gives us N total scar (L) = L 3 /3 + 5L/3 i.e. N total scar (L) ∼ L 3 . We check this numerically in Figure 5b , and find that the number of scar states observed follows this formula perfectly. The good agreement between the counting of minimal product operators and the observed number of scar states gives us additional confidence in our interpretation. 
IV. DISCUSSION AND CONCLUSIONS
In this work, we have shown how the conservation laws associated with fracton systems, such as conservation of charge and dipole moment, lead to nonthermal behavior in the spectrum of a quantum many-body system. Specifically, nonthermality is manifested in a small set of localized states in an otherwise thermalizing spectrum, which is precisely the phenomenology of quantum many-body scars. These scar states represent a vanishingly small fraction of the total Hilbert space in the thermodynamic limit, but are nevertheless experimentally relevant due to their high overlap with easily prepared product states. The scar states correspond to agglomerated fracton peaks, which are the expected late-time configurations associated with fracton localization. Fracton systems therefore provide an example of many-body scars which do not depend on microscopic details, but rather follow from a simple physical principle, namely the higher moment conservation laws associated with fractons. We hope that this analysis may yield more general insights about the physical mechanism behind quantum many-body scars.
